A finite-difference model is used to simulate the effects of thermal mass on thermal load. A sinusoidal function is used to simulate the exterior air temperature. The interior air temperature set point remains constant. The mechanism by which thermal mass affects thermal load is described. Equations are given to calculate thermal load as a function of the exterior air temperature amplitude, the temperature above and below the mean temperature. Equations are given to calculate the minimum thermal load resulting from thermal mass and therefore the maximum thermal load reduction with thermal mass. Equations and methods are given to calculate the minimum thermal load resulting from thermal mass from weather data files, TMY or TMY2 files. A design equation is given as a guideline to determine the amount of thermal mass required to reduce the thermal load with given weather conditions.
INTRODUCTION
Thermal mass is known to reduce thermal building loads. For example, the BESTEST protocol describes cases where the thermal load was reduced by more than 60 % in a heavyweight building compared to a lightweight building [1] . However, the mechanism by which thermal mass affects thermal loads is not widely understood or easily quantified. Moreover, different weather conditions result in different thermal load reductions with increasing thermal mass. The purpose of this study is to make explicit the mechanism by which thermal mass affects thermal transmission loads and to offer design equations to determine the maximum thermal load reduction which can be obtained with thermal mass. The purpose is also to offer design approximation equations to determine the amount of thermal load reduction as a function of thermal mass as a guide to the amount of thermal mass required. Gajda, Marceau and VanGeem [2] demonstrate temperature damping and time lag with thermal mass, but the mechanism by which thermal load is reduced and under what specific conditions thermal load is reduced are not defined. Kalogirou, Florides, and Tassou [3] conclude a south-facing thermal mass wall offers an advantage. The advantage of non-south-facing thermal mass walls with cyclic exterior temperature is not addressed. Figure 1 shows the wall configuration used in the finite-difference simulations. The node locations and the thickness of each material are shown. The density of the exterior and interior insulation was assumed to be negligible compared to the density of the thermal mass; thus, insulation nodes were placed on the surface. The thermal mass was modeled with eight nodes for greater accuracy. Prior to selecting 8 nodes, the number of nodes was varied until there was confidence that the number of nodes did not affect the results.
FINITE-DIFFERENCE MODEL
The simulation employed a one-dimensional, forward, explicit solution technique. Stability was guaranteed by choosing a time step resulting in 0.5 Fo  and   1 0.5 Fo Bi   . To eliminate initial conditions, the model was run until solutions converged to at least four significant figures. 
ES2007-36101
Variable names, and values used in the simulation are shown in Table 1 . These values correspond to a base wall consisting of 0.066 m of fiberglass batt insulation on the outside of 0.1 m of concrete. In the base case, the U value of the interior insulation was set to a high value so that the effect of the interior insulation would be negligible. In later runs, the U values of the exterior and interior insulation were reversed to simulate a wall with interior insulation. In addition, in later runs the density of the concrete was increased to simulate larger thermal mass. 
T he interior air temperature set point, 20 .
T he average or mean outside sol-air temperature, .
Also use as the average or mean The average or mean node temperature, .
T he absolute value of the tem perature difference above and bel T he absolute value of the temperature difference above and below the average, mean, sol-air temperature. T he specific heat of the exterior insulation, 840 .
T he specific heat of the interior insulation, 840 .
T he density of the thermal mass, . Its value varied. 
EFFECTS OF THERMAL MASS
The finite-difference model was used to complete a matrix of results of the effects thermal mass on thermal load.
The mean temperature of the outside sol-air temperature was varied from 0 C to 30 C. In each case, the amplitude of the outside sol-air temperature was varied for 0 C to the extreme of 40 C. Further, in each of the combinations of these cases, the thermal mass was varied from 0 to 6 2 1.4 10 J K m   . No internal generation, infiltration, or windows were considered. The results of the effect of thermal mass on thermal load, with outside air sinusoidal temperature variation and constant inside air temperature, is presented with two mean temperature/amplitude temperature combinations. In both cases, the inside air temperature is fixed at 20 C and the outdoor air temperature varies with an amplitude of 10 C. In the first case, the mean exterior air temperature was 20 C, resulting in an outside air temperature varying from 10 C to 30 C. In the second case, the mean exterior air temperature was 15 C, resulting in an outside air temperature varying from 5 C to 25 C.
The first case, with a mean exterior air temperature of 20 C, demonstrates the effect of thermal mass on the timetemperature profile within the thermal mass. Figure 2 shows a time-temperature profile over a 24 hour cycle of three points within a hypothetical wall with zero thermal mass. The thermal mass was set to zero by setting the specific heat of the material equal to 0. Node 1 is on the outside surface of the thermal mass. Node 5 is in the mid portion of the thermal mass, and node 8 is on the inside surface of the thermal mass. The thermal mass has a thickness of 0.1 meter and a U-value
In all three nodes, the temperature peaks at hour 15, which is when the exterior air temperature peaks. The temperature reduces linearly through the material as expected. 1.4 10 J K m   . The peak temperature of node 1 is reduced form 21.63 C to 20.85 C, and the hour is now 18, a delay of 3 hours. The peak temperature of node 5 is reduced from 21.08 C to 20.53 C and the peak hour is 20, a delay of 5 hours. The peak temperature of node 8 is reduced from 20.66 C to 20.32 C and the peak hour is now greater than 20, a delay of greater than 5 hours. The reduction in temperature of node 8 is only 0.34 C but represents 52 % of the temperature difference between the inner surface of the thermal mass and the inside air temperature set point of 20 C. 
To further demonstrate the effects of thermal mass, Figure 4 plots the time-temperature profile for node 8 with increasing values of the thermal mass. For 0 thermal mass, the heating thermal load is 37.7Wh day ; when the thermal mass is increased to 5 2 5.6 10 J K m   , the heating thermal load is reduced to 4.3Wh day . The heating thermal load is defined as the quantity of heat that must be added to keep the inside air temperature constant. Similarly, the cooling thermal load is the quantity of cooling required to keep the inside air temperature constant. When the mean outdoor air temperature is the same as the indoor air temperature, as in this case, the heating and cooling thermal loads are equal. The time delay increases from 4 hours to 10 hours and the peak temperatures decrease from 0.66 C, to 0.07 C. Note that the thermal load, time delay, and temperature amplitude do not change linearly with respect to the amount of thermal mass. The second case, with the mean exterior air temperature of 15 C, demonstrates the bounds or conditions under which thermal mass effects thermal load. In addition, it demonstrates the lower limit of thermal load below which increasing thermal mass has no effect on thermal load. Figure  5 plots the time-temperature profile of node 8 with increasing values of thermal mass. The mean exterior air temperature is 15 C. The exterior air temperature amplitude is 10 C. The figure shows that the temperature amplitude decreases as the value of the thermal mass increases, while the mean temperature remains the same. Thus, thermal mass affects only the amplitude, not the mean temperature. The relation for the thermal load when the mean temperature of node 8 is below the interior air temperature, and the peak temperature of node 8 is above the interior air temperature is shown in Equation 2. This equation considers the difference between the interior air temperature and the node 8 temperature; hence, the appropriate U value is also between node 8 and the interior air. The equation is also valid if the exterior air mean temperature and amplitude were used with the overall U value of the wall. When the mean temperature of node 8 is set to 19.6685 C, Equation 2 gives the heating thermal load for zero thermal mass as 72.4Wh day .
When the thermal mass is increased to 5 2 0.7 10 J Km  , the heating thermal load for is 64.4Wh day . These results are equivalent to the thermal loads from the finite-difference simulation. 
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The relation for the thermal load when the mean and the peak temperatures of node 8 are below the interior air temperature is shown in Equation 3 . The amplitude is reduced by additional thermal mass, but the summation of the temperature difference is the same as long as the peak node temperature is less than or equal to the interior air set point. In this case, the heating thermal load has a minimum value of 59.5Wh day .
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MAXIMUM THERMAL LOAD REDUCTION WITH THERMAL MASS
Based on the results presented so far, the following observations about the relationship between thermal mass and heating load can be made: a. When the mean cyclic exterior air temperature is equal to or greater than the interior set point temperature, the heating thermal load can be completely eliminated with thermal mass. b. When the mean cyclic exterior air temperature is below the interior set point temperature, and the peak exterior air temperature is above the interior set point temperature, the heating thermal load can be reduced to a minimum of (variation of Equation 3) 
c. When the mean cyclic exterior air temperature and the peak exterior air temperature are below the interior set point temperature, thermal mass does not reduce the heating thermal load.
Similarly, the results presented so far support the following observations about the relationship between thermal mass and cooling load: d. When the mean cyclic exterior air temperature is equal to or less than the interior set point temperature, the cooling thermal load can be completely eliminated with thermal mass.
e. When the mean cyclic exterior air temperature is above the interior set point temperature, and the minimum exterior air temperature is below the interior set point temperature, the cooling thermal load can be reduced to a minimum of (variation of Equation 3) f. When the mean cyclic exterior air temperature and the peak exterior air temperature are above the interior set point temperature, thermal mass does not reduce the cooling thermal load.
USING WEATHER FILES TO DETERMINE MAXIMUM THERMAL LOAD REDUCTION WITH THERMAL MASS
Thermal mass has two effects on the temperature profile within the mass. First, thermal mass reduces the amplitude of the time-temperature profile. As the thermal mass approaches infinity, the amplitude approaches 0 and the temperature approaches the average of the temperature cycle. Thermal mass also delays the time-temperature profile. When the peak amplitude temperature is above the interior air temperature set point, decreasing the temperature amplitude will also reduce the thermal load. The average temperature difference between the exterior air temperature and the interior air temperature is reduced. However, when the peak exterior air temperature is below the interior air temperature, reducing the amplitude does not change the average temperature difference between the exterior air temperature and the interior air temperature.
To determine the minimum thermal load and the maximum thermal load reduction, it is only necessary to determine the average temperature of the exterior air temperature cycle and use this temperature difference between the exterior air temperature and the interior air temperature to calculate the thermal load for the duration of that cycle. Thus, Equation 4 shows the minimum thermal load obtained by increasing thermal mass as a function of exterior air temperature. Figure 6 plots the temperature amplitude of node 8 as a function of increasing thermal mass, when the mean exterior sol-air temperature is 20 C. Solution of the heat equation for a wall with no internal heat generation, suggests that this relationship has the form of (Equation 6 This function is also plotted in Figure 6 , with close agreement between the two curves. is also plotted with increasing thermal mass.
DESIGN EQUATION FOR THERMAL LOAD AS FUNCTION OF THERMAL MASS
There is close agreement between the two curves. These results suggest that the decrease in the amplitude of the temperature variation within the thermal mass can be approximated by the function The location of the insulation relative to the thermal mass was also considered. To do so, the location of the insulation was switched from the outside to the inside of the wall. This change did not affect thermal load results.
The effect of the U-value of the thermal mass was then investigated by changing the thermal conductivity of the thermal mass while keeping the overall U-value of the wall the same. Figure 8 shows the change in amplitude with increasing thermal conductivity of the thermal mass. The amplitude of node 8, and therefore the thermal load, increases nearly linearly with thermal conductivity. It is noted, with 0 mass and with the overall U-value remaining constant, that the thermal conductivity has no effect on the amplitude of node 8 and therefore has no effect on the thermal load. Only as the thermal mass is increased does the increase in thermal conductivity result in an increase in thermal load. It is concluded that less thermal mass is required to obtain equal thermal load reduction if the thermal conductivity of the thermal mass is decreased. The thermal mass becomes more effective as its conductivity is decreased. This suggests that adding phase-change material to insulation increases the thermal mass effect. 
SUMMARY AND CONCLUSIONS
Thermal mass reduces the magnitude of diurnal temperature variation in walls and building structures. If the peak cyclic exterior air temperature is higher than the interior air temperature, adding thermal mass reduces the thermal heating load. If the peak cyclic exterior air temperature is lower than the interior air temperature, adding thermal mass will not reduce the thermal heating load. Similarly, increasing the thermal mass reduces the cooling thermal load only when the minimum exterior air temperature is below the interior air temperature set point.
Equation 4 can predict the minimum thermal load that can be obtained with thermal mass. In many cases, Equation 5 can approximate the minimum thermal load with good accuracy.
In all cases, Equation 5 will yield conservative results with a higher thermal load than the true minimum.
In addition, the reduction in temperature amplitude, and therefore the peak thermal load, can be closely approximated by Equation 6. Equation 7 can be used as a design guideline for calculating thermal load as a function of thermal mass and thermal conductivity. To apply Equation 7 a peak amplitude temperature is required. The heating and cooling requirements are determined separately. With the cooling requirements as an example, the greatest seasonal peak minimum temperature is plotted against increasing thermal mass. As this is an exponential function, the slope quickly approaches zero and defines a quantity for the thermal mass. For verification, the average peak and minimum temperatures can also be plotted against the thermal mass.
Taken together, these equations make it possible to consider how thermal mass will affect building loads without detailed and time consuming simulation. This model considers a wall with 2 layers of insulation and a single layer of thermal mass, in which the thermal mass of the insulation layers is considered negligible. We believe that this model is generally applicable to many common types of wall construction, but not necessarily to all types. Thus, the results pertain only to walls which can be approximated using this model.
The exterior air temperature is used as simulated by the sinusoidal function. The authors believe the final results will be more accurate if the ambient driver is represented by a sinusoidal approximation of sol-air temperature rather than the exterior air temperature. The sol-air includes the solar radiation as: .
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